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Abstract
Evacuation problems constitute a cornerstone of pedestrian studies and exhibit many nontrivial eﬀects. In cellular automata models
the parallel update is often used, even though other updates relevant to pedestrians have been proposed. In this work we ﬁrst study a
room evacuation model with random and frozen shuﬄe updates. We then design a hybrid shuﬄe update, that interpolates between
the random and frozen shuﬄe updates and is therefore realistic in a greater variety of situations. Outﬂow currents, evacuation times
and queue shapes are studied for the three updates.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of PED2014.
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1. Introduction
Stochastic cellular automata serve as a very useful tool to describe complex systems with interacting particles.
One of the intensively studied stochastic cellular automata is the exclusion process, where particles randomly jump
to neighboring unoccupied sites. It interests many researchers in views of probability theory Liggett (1999), sta-
tistical physics Krapivsky et al. (2010) and applications to various transport systems “from molecules to vehicles”
Schadschneider et al. (2010).
The ﬂoor ﬁeld model introduced in Burstedde et al. (2001) is a paradigmatic model of pedestrian dynamics in two
dimensions. It turned out to be well-suited to tackle pedestrian evacuation problems. A “static ﬂoor ﬁeld” biases the
motion of the pedestrians towards their targets. Pedestrians can be made more or less sensitive to this ﬁeld in order
to model their eagerness to reach the exit. A “dynamical ﬂoor ﬁeld” can also be introduced to mediate long-range
interactions. In this contribution, however, we shall reduce the interactions between pedestrians to simple exclusion
for simplicity. Besides the evolution rule according to which each pedestrian is updated, one has to determine the
precise order in which they are updated, i.e. “update scheme”. Numerous update schemes have been proposed and
tested in simple one-dimensional geometries:
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• One of the popular schemes is “random sequential update”, where we allow randomly chosen particles to jump
one after another. This procedure however leads to large ﬂuctuations, as a given particle can be updated an
arbitrary number of times during a given time step. It is thus not well-suited for road or pedestrian traﬃc
problems, though it can be relevant for intracellular traﬃc.
• Another widely used scheme is the “parallel update” scheme, where we update all the particles simultaneously.
Compared to the random sequential update, ﬂuctuations are reduced in the sense that particles are always
updated once per time step. The parallel update rule however gives “conﬂicts”, since more than two pedestrians
can simultaneously target a same site. This update is widely used for simulating pedestrians because of its
regularity.
• The “random shuﬄe update“ (RSU) was introduced in Keßel et al. (2002) and studied in Wo¨lki et al. (2006) and
Schreckenberg et al. (2007). At each time step, one randomly draws an updating order for the particles, so that
each particle is updated once per time step. Random shuﬄe update was introduced for pedestrian applications
Keßel et al. (2002) but has now been largely supplanted by parallel update.
• In Appert-Rolland et al. (2011a) and Appert-Rolland et al. (2011b), a new update rule named “frozen shuﬄe
update” (FSU) was studied in simple geometries. Contrarily to the random shuﬄe update, we ﬁx an updating
order in the initial state that does not change from one time step to the next one.
The parallel update scheme, which is also often used for road traﬃc, has been used for example in Burstedde et al.
(2001) to simulate evacuation. As we have mentioned, with parallel update conﬂicts occur. In evacuation scenarios we
expect a dense queue to form close to the exit of the room, so that conﬂict resolution will be of primary importance.
In Kirchner et al. (2003a) the authors introduced an additional rule; when more than two pedestrians target a
same site, with probability 1 − μ (0 ≤ μ ≤ 1) one among them is chosen at random and allowed to jump, and with
probability μ no one jumps. With this rule the “faster-is-slower” eﬀect was observed: in some parameter regimes, the
total evacuation time increases when pedestrians are driven more and more strongly towards the exit. One of our aims
in this contribution is to see if the faster-is-slower eﬀect can be reproduced without friction.
Another way of solving the conﬂict is to use a sequential update such as shuﬄe updates, which is the focus of this
contribution. We ﬁrst apply random and frozen shuﬄe updates to the room evacuation problem with the standardly
used static ﬂower ﬁeld, which we call “model I”. In the simplest cases we are able to make some analytic predictions.
With most updates, including random and frozen shuﬄe update, in evacuation problems overfeeding occurs at the
exit. The two-dimensional ﬂow is then larger than the one-dimensional one, in contradiction with the experiments
Yanagisawa et al. (2009). We shall introduce the “hybrid shuﬄe update“ (HSU), a modiﬁcation of the update scheme,
in order to reduce this discrepancy. To this end we shall modify the rule for choosing a target site, and also introduce
diagonal hopping to obtain satisfying queue shapes, which we call “model II”. A faster-is-slower eﬀect will then be
shown to be observed without any friction similar to the one introduced in Kirchner et al. (2003a). The properties of
the two models, that will be deﬁned in greater detail in the following sections, are summarized in Table 1.
Table 1. Table summarizing the two models studied.
Model Diagonal hopping? Target occupied sites? Updates
I No No RSU & FSU
II Yes Yes RSU, FSU & HSU
2. Model I
We deﬁne “model I” for pedestrian dynamics and apply it here to a simple evacuation problem. We consider a
square room with one exit. The room is divided into S = L × L cells (L = 2 + 1 is an odd number). Each cell is
occupied by at most one pedestrian (exclusion principle), see the left picture of Fig. 1. We denote the position of each
cell by r = (x, y);
Room: r ∈ {(x, y) ∈ Z2| −  ≤ x ≤ , 1 ≤ y ≤ L}, (1)
Exit: r = (0, 0). (2)
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Fig. 1. [Left] “Room”. In this picture, the room size is 11 × 11. [Right] Hopping of pedestrians. A pedestrian targets a site amongst 4 neighboring
sites (von Neumann neighborhood) or chooses “to stay”.
At time t = 0, N pedestrians are dropped on randomly chosen sites in the room. The initial density is denoted by
ρ = N/L2.
At each time step, a pedestrian occupying site r = (x, y) hops to a neighboring site or stays at the same site:
r → r′ ∈ R = {(x, y), (x + 1, y), (x − 1, y), (x, y + 1), (x, y − 1)} (3)
see the right picture of Fig. 1. Each pedestrian chooses one amongst 5 sites (the current cell + von Neumann neigh-
borhood) with probability p(r′)/Z, where
p(r′) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0
⎛⎜⎜⎜⎜⎜⎝r
′( r) is occupied by another
pedestrian, or a part of wall
⎞⎟⎟⎟⎟⎟⎠ ,
e−k|r′ | (otherwise),
(4)
Z =
∑
r′∈R
p(r′) (5)
with k > 0. The nonzero weights p(r′) are controlled by the ﬂoor ﬁeld, telling the pedestrians how far from the
exit they are. More precisely, we use the Euclidean distance |r| = √x2 + y2. The parameter k ≥ 0 characterizes the
directivity of pedestrians. An extreme case k = 0 corresponds to the symmetric hopping i.e. pedestrians have no
preference for direction of hopping. A pedestrian at the door (0, 0) exits from the room with probability 1.
We have now given the three parameters characterizing our model, the room size S , the initial number of pedestrians
N and the static ﬂoor ﬁeld parameter k. However we need to specify the update rule to fully deﬁne the dynamics of
our evacuation process, which we shall do in the next subsection.
3. Two shuﬄe update rules
Here the two updates used in model I are precisely deﬁned, and the relevance and limitations of their application
to pedestrians are emphasized.
Random shuﬄe: The random shuﬄe update is deﬁned as follows: at each time step draw a random permutation
of the pedestrians and let them hop in the order prescribed by the permutation. At time t = 0 we give each pedestrian
an integer i ∈ [1,N] at random, such that the correspondence is one-to-one. We move sequentially the pedestrians
according to Eqn. (4), i.e. we start from the pedestrian labeled 1 and ﬁnish with the pedestrian labeled N. This gives
the conﬁguration at time t = 1. We repeat this procedure until all the pedestrians ﬁnish the evacuation.
Frozen shuﬄe: In frozen shuﬄe update each pedestrian is given an integer between 1 and N, that is not renewed
at each time step. Again the pedestrians are updated in order of increasing integer.
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The random shuﬄe update was introduced to lower the ﬂuctuations with respect to random sequential update.
With random shuﬄe update the one-dimensional current is however equal to 12 , and is reached for a density
1
2 , which
is the same as in the random sequential update. The frozen shuﬄe update shows a very regular, predictable free
ﬂow phase that is closely related to a deterministic model of rods in translation Appert-Rolland et al. (2011a). On
average, congestion occurs only for a density 23 , and the maximal one-dimensional current is
2
3 . In the free ﬂow phase
pedestrians are therefore expected to be closer to frozen shuﬄe than to random shuﬄe update, because of their regular
motion and also because pedestrians are known to be able to walk even at rather high densities.
However the inﬁnite memory that is introduced in the frozen shuﬄe update loses its microscopic justiﬁcation once
the ﬂow becomes congested.
We are interested in computing and measuring safety-relevant quantities for this evacuation problem such as the
total time needed by the N pedestrians to exit the roomor the outﬂowing pedestrian current. Such quantities are
usually hard to compute in evacuation problems, but in our case the simplicity of the model enables us to make
analytic progress. In the two next sections we present the results of calculations that give good approximations of the
numerics.
4. Low-density regime
Let us consider the low-density regime, i.e. the case where the initial number N of pedestrians is small, as compared
to the room size, i.e. N < O(S ). It is natural to expect that in this case interactions between pedestrians become rare
enough to be neglected. As a result, the evacuation time becomes independent of the update scheme.
In the limit k = +∞, each pedestrian follows the optimal path to the exit. The time needed for a pedestrian starting
at r0 = (x0, y0) to reach the exit is given by the Manhattan distance between r0 and the exit, denoted by ||r0|| ≡ |x0|+|y0|.
In the limit L→ ∞, the number n(d) of positions r0 at distance d = ||r0|| from the exit is given as
n(d) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
2d − 1 (1 ≤ d ≤ ),
2 + 1 ( + 1 ≤ d ≤ 2 + 1),
6 + 4 − 2d (2 + 2 ≤ d ≤ 3 + 1).
(6)
By neglecting pedestrian interaction due to the low-density regime, the average over the initial condition of the total
evacuation time is expressed as
T (N) =
(
S
N
)−1 ∑
1≤d≤3+1
d
[ (∑d
k=1 n(d)
N
)
−
(∑d−1
k=1 n(d)
N
) ]
(7)
in the limit k = +∞. A necessary condition for equation (7) is
T (N) ≤ 3, (8)
where the right hand side is just the distance between the exit and its furthest positions.
Figure 2 provides plots of evacuation times for k = 100. For low numbers of pedestrians the agreement is excellent
for both updates. Although, for general k, it seems diﬃcult to analytically obtain the average evacuation time, the
average evacuation time naturally increases as k decreases, which is not shown here.
5. High-density regime
Let us consider the high-density regime , i.e. the initial number N of the pedestrians is large enough. When N > 3
the inequality (8) fails. It is indeed clear that the number of pedestrians going through the exit is at most 1 per time
step, and thus we have T (N) > N.
Assuming that the outﬂow of pedestrians through the exit J is independent of time, the total evacuation time T
should be equal to JN. In the high-density regime, interactions between pedestrians become crucial, which aﬀect the
value of the outﬂow. Thus the evacuation time T is expected to depend on the update scheme. We shall discuss the
evacuations of the two update rules separately.
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Fig. 2. The evacuation time for small numbers N of initial pedestrian We have set S = 51×51. The plot markers × and© correspond to the random
and frozen shuﬄe updates, respectively, which were obtained by averaging over 1000 simulation samples. The solid line corresponds to Eqn. (7).
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Fig. 3. The evacuation time T (divided by the initial number N of pedestrians) vs the parameter k of the ﬂoor ﬁeld (4). We have set the room size
and the initial number of pedestrians to S = 51 × 51 and N = (S − 1)/4. The plot markers × and © correspond to the random and frozen shuﬄe
updates, respectively, which were obtained by averaging over 100 simulation samples. The solid line is Eqn. (10).
5.1. Random shuﬄe update
Let us consider ﬁrst the case of the random shuﬄe update with k = +∞, and derive the outﬂow J. We focus only
on the exit site (0, 0) and on its neighbor (0, 1). We suppose that a queue is formed around the exit, so that it seems a
good approximation to assume that the sites (1, 1), (0, 2) and (−1, 1) are always occupied. Under this approximation,
we are able to obtain a master equation for the joint distribution of the occupations of sites (0, 0) and (0, 1). In the
stationary state we get the value of the outﬂow
J ≈ 43
71
= 0.605634 . . . . (9)
The evacuation time is then expected to be
T ≈ N/J = 1.65116N . . . . (10)
The simulation results are plotted in Fig. 3. The evacuation time decreases monotonically as k increases. We also
observe that the evacuation times for k  10 are almost equal to those for k = +∞. Finally, the simulation result for
k = +∞ agrees with (10).
5.2. Frozen shuﬄe update
We now study the stationary outﬂow for the frozen shuﬄe update.
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Fig. 4. Snap shots of our evacuation model with random (left) and frozen (right) shuﬄe updates in the high-density regime. We have set the
parameter k, the room size and the initial number of pedestrians to k = 5, S = 51 × 51 and N = (S − 1)/4. Pedestrians are initially distributed
randomly in the room at t = 0, and then form a queue like a half-circle near the exit.
Let us consider the limit k → ∞. If one sits on site (0, 0) and looks at the pedestrians passing by in the high-density
regime, one will see the following: an empty site followed by a pedestrian of integer n1, followed by a pedestrian of
integer n2 > n1,. . . , followed by a pedestrian of integer nν > nν−1 for some integer ν, ﬁnally followed by a hole and
another cycle starts again. Generalizing a notion introduced in Appert-Rolland et al. (2011a), we call these sets of
consecutive pedestrians “platoons”. Numerically, the number of platoons was observed to be smaller than O(N), and
therefore the outﬂow is expected to be almost 1. We found that the number of pedestrians in each platoon is of order√
N, and compatibly the number of platoons is of order
√
N.
Assuming the outﬂow J ≈ 1, we have T ≈ N in the limit k → ∞, and we also observe that the evacuation times for
k  10 are almost equal to these for k = +∞, see Fig. 3. Again it seems to decrease monotonically as k increases.
5.3. Queue shapes
In the high-density regime, the pedestrians form a queue near the exit. Figure 4 provides typical snapshots of the
simulations for random and frozen shuﬄe updates. We observe that half-circles are formed around the exit. This
shape is typical of simulations of evacuation dynamics Kirchner et al. (2002); Helbing et al. (2000); Tanimoto et al.
(1999). However, some experiments indicate that true queues are shaped like droplets Daamen et al. (2003).
In this section we have determined the two-dimensional outﬂows for random and frozen shuﬄe update. In the ﬁrst
case the outﬂow was shown to be approximately 0.6, which is larger than the 1D value 0.5. For frozen shuﬄe update
the 2D outﬂow is very close to 1, which is again larger than the 1D value 0.666 . . .. In model II we will try to combine
these two procedures into an “hybrid shuﬄe update” that will interpolate between random shuﬄe in 2D and frozen
shuﬄe in 1D, in order to have approximately the same 1D and 2D ﬂows as observed in the experiments of Yanagisawa
et al. (2009).
6. Model II
In the previous sections, we considered a simple evacuation problem with the static ﬂoor ﬁeld (4) and two shuﬄe
update rules, i.e. the random and frozen shuﬄe updates.
Our purpose is to ﬁnd an update rule which is more relevant to real pedestrian dynamics. In model I the 1D current
was clearly lower than the 2D one in both cases, contrarily to what was observed experimentally in Yanagisawa et al.
(2009). The queue shape is also a strong requirement, which seems to look like droplets in experiments Daamen et
al. (2003), while the queue ends up being half-circles in most of the simulations including our model I. The faster-is-
slower eﬀect has also been observed in many pedestrian simulations as well as in some experiments on ants Soria et
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Fig. 5. Hopping of pedestrians. A pedestrian targets a site amongst 8 neighboring sites (Moore neighborhood) or chooses “to stay”.
al. (2012). Though there is no evidence of this eﬀect in pedestrian experiments, it would therefore still be interesting
to see if we can reproduce this eﬀect with our updates, without adding “friction” by hand.
The basic idea of this section is to introduce a nontrivial “dynamics” of the update order of the pedestrians. Since
the rule would be an intermediate case between the random and frozen updates, we call it hybrid shuﬄe update. In
order to meet all the requirements, we also need to modify the jumping rule of the pedestrians.
First we change the deﬁnition of the weights (4) for choosing a target site:
p(r′) =
⎧⎪⎪⎨⎪⎪⎩
0 (r′ is a part of wall),
e−k|r′ | (otherwise),
(11)
Z′ =
∑
r′∈R′
p(r′). (12)
Each pedestrian at site r = (x, y) chooses one site amongst
r′ ∈ R′ = {(x + a, y + b) | a, b ∈ {1, 0,−1}} (13)
with probability 1Z′ p(r
′). In simpler terms, a pedestrian now chooses his target site among all his neighboring sites,
whether they are occupied or not.
Here we also introduced diagonal hopping in order to improve the queue shape. When a pedestrian targets a site
r′ in {(x + a, y + b) | a2 + b2 = 1} and r′ is empty, the hop is always allowed. On the other hand, when a pedestrian
targets a site (x + a, y + b) with a, b ∈ {±1}, we apply a penalty to, ﬁrstly, compensate for the large distance to hop
and, secondly, account for the steric interaction between pedestrians. When both (x+ a, y) and (x, y+ b) are occupied,
the hop is allowed with probability (1 − pBlock)/
√
2. Otherwise (i.e. at least one of (x + a, y) and (x, y + b) is empty),
the hop is allowed with probability 1/
√
2. The probability 1/
√
2 has been introduced such that the velocity of a free
pedestrian becomes 1 in the diagonal direction. The “blocking probability” pBlock inﬂuences the shape of the queue.
It turns out that with pBlock = 1/2 the queue is shaped like a droplet ,and we stick to this choice in the rest of this
contribution.
Now we deﬁne a new update called hybrid shuﬄe update, that introduces some dynamics of the order of the
pedestrians. The hybrid shuﬄe update is deﬁned as follows: we choose the integers associated to the pedestrians
randomly at the beginning of the simulations. At each time step, the integer of a pedestrian is changed or unchanged
according to whether its movement is blocked by another pedestrian or not. For example when a pedestrian at (x, y)
targets (x + 1, y) and (x + 1, y) is occupied by another pedestrian (resp. empty) the phase is redrawn uniformly (resp.
left the same). For another example, suppose a pedestrian at (x, y) targets (x + 1, y + 1), and (x + 1, y + 1) is empty.
When both (x + 1, y) and (x, y + 1) are occupied and the hop is not allowed due to pBlock we redraw its integer.
Now we turn to the evacuation time T . For a given value of k, the evacuation times of the three shuﬄe updates
verify the following inequality
Trandom > Thybrid > Tfrozen. (14)
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Fig. 6. The evacuation time T (divided by the initial number N of pedestrians) vs the parameter k of the ﬂoor ﬁeld (11). The plot markers ×,© and
 correspond to the random, frozen and hybrid shuﬄe updates, respectively, which were obtained by over 100 simulation samples.
Fig. 7. Snap shots of our evacuation model with the hybrid shuﬄe update in the high-density regime. We have set the parameter K, the room size
and the the initial number of pedestrians as k = 5, S = 51 × 51 and N = (S − 1)/4. Pedestrians are initially distributed randomly in the room at
t = 0, and then form a queue like a droplet near the exit.
We notice that the evacuation time increases as k increases for 5  k  30, which constitutes a realization of
the faster-is-slower eﬀect similar to what had been observed in Kirchner et al. (2003b). Indeed, for these values
of k strong directionality causes longer evacuation time. In our case, however, there is no need to introduce any
friction parameter, and the eﬀects happen for shuﬄe updates, in which conﬂicts do not even exist. For k  30 the
evacuation time decreases again for the frozen and hybrid cases, whereas the random case exhibits no big change.
This complicated behavior might be a consequence of the fact that the outﬂow depends on time in a nontrivial way.
We show results for k  20 for completeness, but these results are outside the physical range, the pedestrians being
directed too strongly.
Finally, we investigate the shapes of the queues of model II with the hybrid shuﬄe update. The queue shape
depends somewhat on time, which seems to be related to the time dependence of the outﬂow. In a ﬁrst stage many
pedestrians exit from the sides and there is overfeeding of the exit. The queue becomes shaped like a droplet after
enough time has passed, which qualitatively reproduces the experimental data of Daamen et al. (2003), see Fig. 7.
7. Discussion
In this contribution we have studied two models called I and II, which are distinguished by whether pedestrians
target only empty sites or all neighboring sites, respectively. We applied the random and frozen shuﬄe updates to
both two models, and we additionally introduced a hybrid shuﬄe update for model II.
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Model I is very simple and can be accounted for analytically. In the low-density regime the behaviors of pedestrians
are independent, and the update scheme is of little importance. When the initial density increases a queue is formed
near the exit and the total evacuation time is linear in the number of initial number of pedestrians, with a maximal
current that depends on the update scheme. Analytically, the current is found to be approximately 0.6 for random
shuﬄe update and 1 for frozen shuﬄe update. Similarly to many evacuation simulations, in model I queues are
shaped like half-circles.
Model II is intended to be more realistic. The hybrid shuﬄe update was introduced to interpolate between the frozen
shuﬄe update in the free ﬂow regime and the random shuﬄe update in the congested regime. Diagonal hopping was
allowed to improve the shapes of the queues, that now look like droplets under certain conditions. In model II the
faster-is-slower eﬀect was observed, without introducing an explicit friction.
It would be interesting to check whether the surprising dependence of the ﬂow with door width and competition
between pedestrians observed experimentally in Kirchner et al. (2002, 2003b) could also be reproduced without ex-
plicit friction. It is however only a particular choice of interpolation between random and frozen shuﬄe, that relies on
the more general idea of treating the order of the pedestrians as a set of dynamical variables. Model II with the hybrid
shuﬄe update constitutes a ﬁrst attempt to design such dynamical rules suitable for pedestrians and leaves room for
future progress in this direction.
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